Abstract. In [10] , Chang and Skoug used a generalized Brownian motion process to define a generalized analytic Feynman integral and a generalized analytic Fourier-Feynman transform. In this paper we define the conditional generalized Fourier-Feynman transform and conditional generalized convolution product on function space. We then establish some relationships between the conditional generalized Fourier-Feynman transform and conditional generalized convolution product for functionals on function space that belonging to a Banach algebra.
Introduction
The concept of L 1 analytic Fourier-Feynman transform (FFT) was introduced by Brue in [1] . In [2] , Cameron and Storvick introduced the concept of an L 2 analytic FFT on Wiener space. In [19] , Johnson and Skoug developed an L p analytic FFT theory for 1 ≤ p ≤ 2 which extended the results in [1, 2] and gave various relationships between the L 1 and L 2 theories. In [15] , Huffman, Park and Skoug defined a convolution product(CP) for functionals on Wiener space and in [16, 17] obtained various results involving and relating the FFT and CP. For further work of the conditional FFT(CFFT) and the conditional CP(CCP), see the references [4, 5, 9, 12-14, 21, 22] .
In this paper, we study functionals on function space but with x in a general function space C a,b [0, T ] rather than in the Wiener space C 0 [0, T ]. The Wiener process used in [4, 9, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] is free of drift and is stationary in time while the stochastic process used in this paper is nonstationary in time and is subject to a drift a(t).
The class of functionals on function space that we study with throughout this paper is the Banach algebra S(L 2 a,b [0, T ]) introduced by Chang and Skoug in [10] . Results in [6] [7] [8] 10] show that S(L In this paper we define the concepts of a conditional generalized FFT(CGFFT) and a conditional generalized CP(CGCP) and obtain several interesting relationships between them.
Definitions and preliminaries
Let D = [0, T ] and let (Ω, B, P ) be a probability measure space. A real valued stochastic process Y on (Ω, B, P ) and D is called a generalized Brownian motion process if Y (0, ω)=0 almost everywhere and for 0 = t 0 < t 1 < · · · < t n ≤ T , the n-dimensional random vector (Y (t 1 , ω), · · · , Y (t n , ω)) is normally distributed with the density function As explained in [23, pp.18-20] , Y induces a probability measure µ on the measurable space (R 
T ] is said to be scale-invariant measurable [11, 20] provided ρB is B(C a,b [0, T ])-measurable for all ρ > 0, and a scaleinvariant measurable set N is said to be scale-invariant null set provided µ(ρN ) = 0 for all ρ > 0. A property that holds except on a scaleinvariant null set is said to hold scale-invariant almost everywhere(sa.e.).
Let L 
where |a|(t) denotes the total variation of the function a on the interval
be a complete orthogonal set of real-valued functions of bounded variation on [0, T ] such that
for all x ∈ C a,b [0, T ] for which the limit exists.; one can show that
We denote the function space integral of a B(
whenever the integral exists.
We are now ready to state the definition of the generalized analytic Feynman integral. 
exists for all λ > 0. If there exists a function J * (λ) analytic in C + such that J * (λ) = J(λ) for all λ > 0, then J * (λ) is defined to be the analytic function space integral of F over C a,b [0, T ] with parameter λ, and for λ ∈ C + we write
Let q = 0 be a real number and let F be a functional such that E an λ [F ] exists for all λ ∈ C + . If the following limit exists, we call it the generalized analytic Feynman integral of F with parameter q and we write (2.8)
where λ approaches −iq through C + .
Next we state the definitions of the generalized analytic FourierFeynman transform (GFFT) and the generalized convolution product (GCP).
In the standard Fourier theory the integrals involved are often interpreted in the mean; a similar concept is useful in the FFT theory [19] . 
if it exists.
We note that for 1
Definition 2.4. Let F and G be measurable functionals on
For λ ∈C + , we define their GCP (F * G) λ (if it exists) by (2.12)
(2) For any real q = 0, we briefly describe F * q and *
The following generalized analytic Feynman integral formula is used several times in this paper.
(2.14)
In this paper for each λ ∈C + , λ 
reduces to a Banach algebra S introduced by Cameron and Storvick in [3] . For further work on S, see the references referred to in Section 20.1 of [18] .
(
is a Banach algebra under the total variation norm where convolution is taken as the multiplication.
(iii) One can show that the correspondence f → F is injective, carries convolution into pointwise multiplication and that S(L 
In [3] , Cameron and Storvick carry out these arguments in detail for the Banach algebra S.
will always exist for all real q = 0 and be given by the formula
However for a(t) as in this section, and proceeding formally using equation (2.14), we see that E anf q [F ] will be given by the formula
if it exists. But the integral on the right hand-side of (2.19) might not exist if the real part of
is positive. However
and so the generalized analytic Feynman integral E anf q [F ] exist provided the associated measure f satisfies the condition (2.20) 
Then for all p ∈ [1, 2] and all real q with |q| ≥ |q 0 |, the GFFT of F , T
q (F ) exists and is given by the formula (2.22)
whose associated measures f and g satisfy the condition (2.23)
Then their GCP (F * G) q exists for all real q with |q| ≥ |q 0 | and is given by the formula (2.24)
Conditional transforms and conditional convolutions
In this section we first obtain the CGFFT and CGCP. We then establish several relationships between CGFFT and CGCP.
Throughout this section we will condition by the function
Now, we state the definition of the conditional function space integral. 
for all Borel sets B in R.
Let X : C a,b [0, T ] → R be such that for each λ > 0 and a.e. η ∈ R, X(λ
denote the conditional function space integral of
is defined to be the conditional analytic function space integral of F given x(T ) with parameter λ and for λ ∈ C + we write
If for fixed real q = 0 the limit
exists for a.e. η ∈ R, where λ → −iq through C + , we will denote the value of this limit by E anf q [F |X](η) and we call it the conditional generalized analytic Feynman integral of F given X with parameter q. Remark 3.1. In [21] 
Thus we have that
where in (3.8) and (3.9) the existence of either side implies the existence of the other side and their equality.
Next we define the CGFFT and the CGCP. 
Then for p ∈ [1, 2] we define the CGFFT, T (p)
q (F |X) of F , by the formula (λ ∈ C + ),
if it exists. Note that for p = 1
And we define the CGCP ((F * G) λ |X)(y, η) (if it exists) by the formula (3.13)
Again if λ = −iq, we will denote ((F * G) λ |X)(y, η) by ((F * G) q |X)(y, η).
Remark 3.2. By using (3.9) and (2.14) we see that the conditional generalized analytic Feynman integral E anf q x [F (x)|x(T )](η) is given by the formula (3.14)
where u 1 = (u, b )/b(T ) if it exists. But the integral on the right-hand side of (3.14) might not exist if the real part of
and so the conditional generalized analytic Feynman integral
exist provided the associated measure f satisfies the condition (3.15)
In our next theorem, we obtain the CGFFT of a functional in 
Proof. First of all, using (3.10), the Fubini theorem, and (2.14), we obtain, for all λ > 0.
(3.17)
But the last expression above is analytic throughout C + , and is continuous inC + . Thus we have the equation (3.16 ). In addition, by using the condition (3.15) above, we see that for all real q with |q| ≥ |q 0 |
Hence we have the desired result.
In our next theorem, we obtain the CGCP of functionals in 
Then their CGCP ((F * G) q |X) exists for all p ∈ [1, 2] and all real q with |q| ≥ |q 0 | and is given by the formula
Proof. By using (3.13), the Fubini theorem, and (2.14), we have that for all λ > 0,
But the last expression above is analytic through out C + and is continuous onC + . Thus we have the equation (3.19) above. In addition, the condition (3.18) will imply the existence of the equation (3.19) . 
all real q with |q| ≥ |q 0 |,
where u 1 and v 1 are as in Theorem 3.2 above.
In our next theorem, we obtain the CGFFT of the CGCP of functional in S(L 
Then for all p ∈ [1, 2] and all real q with |q| ≥ |q 0 |,
where F * q and * G q are given as in equation (2.13) .
Also both of the expressions in (3.24) are given by (3.25)
Proof. By using (3.10), (3.13), the Fubini theorem, and (2.14), we have that for all λ > 0, (i) By using the expression in (3.25), we see that
and
Using these above, we obtain the following alternative form
(ii) If a(t) ≡ 0, then by using equations (3.21), (3.22) and (3.11), we have
Hence we have
In [22] , Park and Skoug established this equation for a Banach algebra S.
In our next theorem we obtain an expression for the CGCP of CGFFT's of functionals in S(L 
Then for all p ∈ [1, 2] and all real q with |q| ≥ |q 0 |, the following CGCP exists and
Proof. By using equations (3.19) and (3.16), we can easily obtain the equation (3.29) above. Moreover, the condition (3.28) will imply the existence of the equation (3.29).
Remark 3.5. Let F , G, f , g,and q 0 be as in Theorem 3.4. Then by using (3.11), (3.19) , the Fubini theorem, and (2.14), we have that for all p ∈ [1, 2] and all real q with |q| ≥ |q 0 | (3.30)
In particular, by using (3.21), (3.22) and (3.30) above, we obtain (3.31) Furthermore, we also using (3.21), (3.22) 
(T ) dg(v).
A close examination of the right-hand sides of (3.31) and (3.33) shows that they are equal if {η 1 , η 2 , η 3 , η 4 } is in the solution set of the equation Also, a close examination of the right-hand sides of (3.32) and (3.34) shows that they are equal if {η 1 , η 2 , η 3 , η 4 } is in the solution set of the equation ( Following are some interesting special cases of (3.37) and (3.38), respectively. 
